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ИНФОРМАТИКА, ВЫЧИСЛИТЕЛЬНАЯ ТЕХНИКА И УПРАВЛЕНИЕ

Òî÷íîå ðåøåíèå ïîëíîé ñèñòåìû
óðàâíåíèé Íàâüå-Ñòîêñà

Ðàññìàòðèâàåòñÿ ñëó÷àé äâóìåðíûõ òå÷åíèé ïîëèò-
ðîïíîãî ãàçà ñ óðàâíåíèÿìè ñîñòîÿíèÿ (1) è (2) ïðè ïî-
ñòîÿííûõ çíà÷åíèÿõ μ, μ’=0,k è â êà÷åñòâå êîíòàêòíîé
ïîâåðõíîñòè áåðåòñÿ ïëîñêîñòü х=0, ò.å.  

(1)

ãäå 
p � äàâëåíèå ãàçà, 
ρ - ïëîòíîñòü,  
R = const > 0 - ãàçîâàÿ ïîñòîÿííàÿ,
T - òåìïåðàòóðà ãàçà;

(2)

ãäå 
e - âíóòðåííÿÿ ýíåðãèÿ, 
- ïîñòîÿííàÿ óäåëüíàÿ òåïëî    

åìêîñòü ïðè ïîñòîÿííîì 
îáúåìå, 

T - òåìïåðàòóðà ãàçà;

ãäå 
γ = const > 1 - ïîêàçàòåëü

ïîëèòðîïû ãàçà;
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MATHEMATICAL MODELING
OF VISCOUS HEAT-CONDUCTING GAS
BETWEEN THE FIXED
AND MOVABLE HORIZONTAL WALL

V.  Gabdulkhaev
Annotation
In the book [1], a method of solving the complete Navier-Stokes equa-

tions using trigonometric series. The solution presented in the form when
added to the specified background trigonometric series in the spatial vari-
ables with unknown coefficients depending on time. To these factors we
obtain an infinite system of ordinary differential equations. With the help of
identical transformations, the system is reduced to the form, which requires
significantly fewer arithmetic operations in the calculation of the right sides
of the system of ordinary differential equations compared to the original
presentation.

In this paper as a background to take one course of an exact solution of
the full Navier-Stokes equations describing the motion of the gas between
the two horizontal walls, one of which moves, and the other is stationary.

Keywordds: The complete system of Navier-Stokes equations, complex
gas flow, nonlinear partial differential equations.

Ãàáäóëõàåâ  Âàäèì  Ôàòèêîâè÷
Óðàëüñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò ïóòåé ñîîáùåíèÿ

Àííîòàöèÿ
Â êíèãå [1] ïðåäëîæåíà ìåòîäèêà ðåøåíèÿ ïîëíîé ñèñòåìû óðàâíåíèé
Íàâüå-Ñòîêñà ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ ðÿäîâ. Ïðè ýòîì ðåøå-
íèå ïðåäñòàâëÿåòñÿ â âèäå, êîãäà ê çàäàííîìó ôîíó ïðèáàâëÿþòñÿ
òðèãîíîìåòðè÷åñêèå ðÿäû ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ñ íåèç-
âåñòíûìè êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè. Äëÿ ýòèõ êîýô-
ôèöèåíòîâ ïîëó÷åíà áåñêîíå÷íàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Ñ ïîìîùüþ òîæäåñòâåííûõ ïðåîáðàçîâàíèé, ýòà
ñèñòåìà ñâåäåíà ê âèäó, êîòîðûé òðåáóåò âûïîëíåíèÿ ñóùåñòâåííî
ìåíüøåãî ÷èñëà àðèôìåòè÷åñêèõ îïåðàöèé ïðè âû÷èñëåíèè ïðàâûõ
÷àñòåé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïî
ñðàâíåíèþ ñ ïåðâîíà÷àëüíûì ïðåäñòàâëåíèåì.
Â äàííîé ðàáîòå â êà÷åñòâå ôîíîâîãî òå÷åíèÿ âçÿòî îäíî òî÷íîå ðå-
øåíèå ïîëíîé ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, îïèñûâàþùåãî äâè-
æåíèå ãàçà ìåæäó äâóìÿ ãîðèçîíòàëüíûìè ñòåíêàìè, îäíà èç êîòîðûõ
äâèæåòñÿ, äðóãàÿ íåïîäâèæíà.

Êëþ÷åâûå ñëîâà:
Ïîëíàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà, ñëîæíûå òå÷åíèÿ ãàçà, íå-
ëèíåéíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè.

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ
ТЕЧЕНИЙ ВЯЗКОГО ТЕПЛОПРОВОДНОГО ГАЗА

МЕЖДУ НЕПОДВИЖНОЙ И ПОДВИЖНОЙ
ГОРИЗОНТАЛЬНЫМИ СТЕНКАМИ

p R T= ρ

e c To= υ

c o constυ = > 0

R

c oυ

γ= −1
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Áåðåòñÿ ïîëíàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà,
ïðåäñòàâëåííàÿ â ñëåäóþùåì âèäå:

Äëÿ äàííîé ñèñòåìû, èìåþòñÿ ñëåäóþùèå ôîðìóëû,
çàäàþùèå òî÷íîå äâóìåðíîå ñòàöèîíàðíîå ðåøåíèå,
êîãäà

(4)

ãäå 
ρ - ïëîòíîñòü ãàçà, 
и - ñêîðîñòü âäîëü îñè ÎÕ,
υ - ñêîðîñòü âäîëü îñè ÎÓ,
T � òåìïåðàòóðà ãàçà.

Ïðîâåðèì ïîäñòàíîâêîé, ÷òî ôîðìóëû (4) ÿâëÿþòñÿ
òî÷íûì ðåøåíèåì ïîëíîé ñèñòåìû óðàâíåíèé Íàâüå-
Ñòîêñà (3).

Ïîäñòàâëÿÿ òî÷íîå ðåøåíèå (4) â ñèñòåìó (3)
ïîëó÷àòñÿ òîæäåñòâåííûå ðàâåíñòâà, ïðè  

è a1=1. Òàêèì îáðàçîì, ôîðìóëû (4)
ÿâëÿþòñÿ òî÷íûì ðåøåíèåì ïîëíîé
ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà (3), 

à çíà÷èò îíè çàäàþò êîíêðåòíîå òå÷åíèå ñæèìàåìîãî 
âÿçêîãî òåïëîïðîâîäíîãî ãàçà.

Ôèçè÷åñêèé  ñìûñë  òî÷íîãî  ðåøåíèÿ:

Ïëîòíîñòü   ρ=const;

- ñêîðîñòü âäîëü îñè Ox - 
êâàäðàòè÷íàÿ ôóíêöèÿ îò ïåðåìåí-

íîé y. Îíà ðàâíà íóëþ, òîëüêî ïðè y=0, â îñòàëüíûõ ñëó-
÷àÿõ îíà ïîëîæèòåëüíà;

- ñêîðîñòü  âäîëü îñè Oy, ðàâíàÿ íóëþ;
T=a2x+a3 - òåìïåðàòóðà ãàçà, ëèíåéíàÿ ôóíêöèÿ 
îò x;

Áóäåì ðàññìàòðèâàòü òîëüêî âåðõíþþ ïîëóïëîñêîñòü,
è òîëüêî äî íåêîòîðîé âûñîòû h, ãäå ñêîðîñòü u áóäåò ÿâ-
ëÿòüñÿ íåêîé ïîëîæèòåëüíîé êîíñòàíòîé. Çíà÷èò íà âñåé
ïðÿìîé y=h, ñêîðîñòü u âäîëü îñè Ox ïîñòîÿííà. Òàê êàê
ñêîðîñòü   âäîëü îñè Oy ðàâíà íóëþ, òî äâèæåíèÿ âäîëü
îñè Oy íåò. Ïîýòîìó, èñõîäÿ èç íàøåé çàäà÷è, ìû ìîæåì
âçÿòü ïîëîñó ìåæäó ïðÿìûìè y=0 è y=h, è èçó÷àòü òå÷å-
íèÿ íå âûõîäÿ èç ãðàíèö íàøåé ïîëîñû. Â ýòîé ïîëîñå
íèæíÿÿ ïëîñêîñòü y=0 ñòîèò íà ìåñòå, à âåðõíÿÿ y=h äâè-
æåòñÿ âäîëü îñè Ox ñ ïîñòîÿííîé ñêîðîñòüþ.

Òàêèì  îáðàçîì, ðàññìàòðèâàþòñÿ òå÷åíèÿ ìåæäó íå-
ïîäâèæíîé ïëîñêîñòüþ y=0, ñ óñëîâèÿìè ïðèëèïàíèÿ (5)
íà  íåé  è  ïîäâèæíîé  ïëîñêîñòüþ y=h,  äâèæóùåéñÿ  ñî

Ñåðèÿ: Åñòåñòâåííûå è Òåõíè÷åñêèå íàóêè ¹ 12  äåêàáðü 2015 ã. 45

( , , , ) :x x x u= = =
1 2 1 2

 y =   υ υ υ

ρ ρ υρ ρ υ

ρ ρ υ
γ

ρ ρ

μ

t x y x y

t x y x x

xx

u u

u uu u T T

u

+ + + + =

+ + + + =

= +

( )

( ) ( )

(

0

1

3

4
0

uu

u T T

u

yy xy

t x y y y

yy xx xy

+

+ + + + =

= + +

1

4

1

3

4

1

4
0

υ

ρυ ρ υ υυ
γ

ρ ρ

μ υ υ

)

( ) ( )

( )

ρρ ρ υ γ ρ υ
κ γ γ μ
T uT T T u

T T

u

t x y x y

xx yy

x

+ + + − + =

= + + −

( ) ( ) ( )

( ) ( )

(

 1

1

1

2

0 0

−− + +⎡⎣ ⎤⎦ + +⎧
⎨
⎩

⎫
⎬
⎭

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

υ υ υy x y y xu u) ( )
2 2 2 23

4

∂
∂

= =
z

w 0

ρ = a
1

u
a y

u
a

y

= = ⋅ ⋅

=
⇒ =

υ

μ
μ

1

2

2

0

2

0

23

4

3

4

9

Re

Re

υ υ= =
= +
>

2

2 3

2

0

0

T a x a

a

γ = 3

2

u
a

y= 4

9

2

0

2

μ

υ υ= =
2

0

∂
∂

=T

y
0



ИНФОРМАТИКА, ВЫЧИСЛИТЕЛЬНАЯ ТЕХНИКА И УПРАВЛЕНИЕ

ñêîðîñòüþ  

ñ óñëîâèÿìè ïðèëèïàíèÿ (6) íà íåé.

(5)

(6)

Âèä  èñêîìîãî  ðåøåíèÿ  ïîëíîé  ñèñòåìû
óðàâíåíèé  Íàâüå-ÑÑòîêñà

Â êíèãå [1] ïðåäñòàâëåí ýêâèâàëåíòíûé ïåðåõîä îò
ñèñòåìû (3) ê ñèñòåìå:

(7)

Áóäåì ñòðîèòü ðåøåíèå ïîëíîé ñèñòåìû óðàâíåíèé
Íàâüå-Ñòîêñà (3) â âèäå:

(8)

ãäå 
- òî÷íîå ðåøåíèå ïîëíîé ñèñòåìû 

óðàâíåíèé Íàâüå-Ñòîêñà (3),  
- âîçìóùåíèÿ.

Äëÿ ïðåäñòàâëåíèÿ (8) íà ïëîñêîñòÿõ y=0 è y=h

âûïîëíÿþòñÿ óñëîâèÿ òåïëîèçîëÿöèè, òî åñòü:

(10)

Äàëåå íåîáõîäèìî ïîëó÷èòü áåñêîíå÷íóþ ñèñòåìó
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ êîýô-
ôèöèåíòîâ

ðÿäîâ (9).
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Ïîëó÷åíèå  áåñêîíå÷íîé  ñèñòåìû  îáûêíîâåííûõ  óðàâíåíèé  äëÿ  êîýôôèöèåíòîâ  ïðåäñòàâëåíèé  (9)  

Ïîäñòàâèì ïðåäñòàâëåíèÿ (9) â ñèñòåìó (7). Íà ïðèìåðå íàõîæäåíèÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ äëÿ  , èç ïåðâîãî óðàâíåíèÿ ñèñòåìû, ïîêàæåì àëãîðèòì ïîëó÷åíèÿ áåñêîíå÷íîé ñèñòåìû
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ êîýôôèöèåíòîâ

ðÿäîâ (9).
Ðàññìîòðèì  ïåðâîå  óðàâíåíèå  ñèñòåìû  (7):

Ðàñïèøåì ñóììû ðÿäîâ, âû÷èñëèì ïðîèçâîäíûå ðàñêðîåì ñêîáêè, â ðåçóëüòàòå ïîëó÷èì:
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Äàëåå, äåéñòâóÿ ïî äàííîìó àëãîðèòìó íàõîäÿòñÿ áåñêîíå÷íûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äëÿ êîýôôèöèåíòîâ

ðÿäîâ (9).

Áëàãîäàðþ ìîåãî íàó÷íîãî ðóêîâîäèòåëÿ, äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðà, Ñåðãåÿ Ïåòðîâè÷à
Áàóòèíà çà âñåñòîðîííþþ ïîääåðæêó â íàó÷íîé äåÿòåëüíîñòè.
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